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Abstract
Regularity theorems are presented for cosmology and gravitational collapse in
non-Riemannian gravitational theories. These theorems establish conditions
necessary to allow the existence of timelike and null path complete spacetimes
for matter that satisfies the positive energy condition. Non-Riemannian the-
ories of gravity can have solutions that have a non-singular beginning of the
universe, and the gravitational collapse of a star does not lead to a black hole
event horizon and a singularity as a final stage of collapse. A perturbatively
consistent version of nonsymmetric gravitational theory is studied that, in the
long-range approximation, has a nonsingular static spherically symmetric so-
lution which is path complete, does not have black hole event horizons and has
finite curvature invariants. The theory satisfies the regularity theorems for
cosmology and gravitational collapse. The elimination of black holes resolves
the information loss puzzle.
Typeset using REVTEX
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I. INTRODUCTION
Einstein’s gravitational theory (EGT) [1] is an aesthetically pleasing theory, which agrees
with all observational tests to date. However, all these tests are for weak gravitational
fields; there is no convincing evidence that the theory will be valid for strong gravitational
fields. The occurrence of singularities in the theory, when physical quantities such as the
density and pressure of matter become infinite, produces an unphysical feature of the theory.
The theorems of Hawking and Penrose [2–7] prove that for physical matter in EGT, these
singularities cannot be avoided.
A new version of the nonsymmetric gravitational theory (NGT) has recently been pro-
posed which is perturbatively consistent [8–10]. It is free of ghost poles and tachyons in the
linear approximation and in a linear expansion of g[µν] about a curved Einstein background.
The static spherically symmetric Wyman solution of the NGT vacuum field equations was
found to be nonsingular with no event horizons and with finite curvature invariants [11,12].
These nonsingular results are valid in the long-range approximation of the new version of
NGT. There are two basic parameters in the solution that enter as constants of integration:
the conserved gravitational charge m and a dimensionless constant s. The limit to EGT, as
s→ 0, is not analytic at points r < 2m. A final collapsed object (FCO), which is stable for
an arbitrarily large mass, replaces the black hole [11–13].
The problem of black hole information loss, first considered in detail by Hawking, has
received wide attention recently [14]. Since spacetime is divided by an event horizon into two
causally disconnected manifolds, and since Hawking radiation is approximately thermal, all
the information associated with a collapsing star which passes through the event horizon is
lost to an outside observer. After the black hole has radiated away to nothing by the process
of Hawking radiation, all information about the star will have disappeared. Since an initial
pure quantum state before collapse becomes a mixed state in the final stage of collapse, the
unitarity of the scattering S-matrix is violated. A possible way out of this breakdown of the
predictability of physics is to modify EGT, so that the event horizon and the singularity
which occur as final features of gravitational collapse are removed. This would solve the
information loss puzzle in a simple way at the classical level.
It would seem that we are faced with an almost insurmountable problem when attempting
to discover a classical modification of EGT, that removes all its singular features. The
reason for this is that such a modification might be expected to lead to a solution of the
field equations, which can be mapped into one that lies near the Schwarzschild solution of
EGT, and shares its singular properties. Given that the extra degrees of freedom associated
with the modified gravitational theory are related to certain fields and coupling constants,
if the limit to EGT is smooth and analytic in the coupling constants, then it would follow
that a set of initial data on a Cauchy surface can always be found that leads, on solving
the field equations of the theory, to a black hole as the final stage of collapse. Therefore,
the modified theory of gravity should have a global exact solution for collapse which is non-
perturbative, and does not have a smooth limit in the strong gravitational field regime at
the event horizon radius, r = 2m, and at r = 0. This would mean that there is no smoooth
limit to the Schwarzschild solution for r ≤ 2m. Even for a very large black hole with weak
curvature at r = 2m, the modified theory must not display a null surface (event horizon),
so we must require that the solution of the modified field equations be non-perturbative
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and non-analytic in the new degrees of freedom at r ≤ 2m. Of course, for large values of
r, corresponding to weak gravitational fields, the solution should be smoothly analytic in
the coupling constants in the EGT limit, in order to retain the agreement of EGT with
observations. This is the case for the nonsingular Wyman solution of NGT [11,12,15].
We shall study the necessary conditions that must be satisfied by NGT to guarantee
the existence of regular solutions in cosmology and gravitational collapse. Because NGT is
based on non-Riemannian geometry, it is possible to satisfy a generalized positive energy
condition and permit the existence of timelike and null path complete spacetimes. Thus,
in a non-Riemannian geometry, the singularity theorems of Hawking and Penrose can be
circumvented for physical matter in strongly causal spacetimes. In contrast to Einstein’s
theory of gravity, the gravitational field can be repulsive for physical matter fields. NGT
is among a class of non-Riemannian theories that possess this feature. The non-singular
static Wyman solution of the NGT field equations does not contain any trapped surfaces
for r < 2m, and it is shown to satisfy the regularity theorem for gravitational collapse.
Another class of theories that can circumvent the Hawking-Penrose theorems for pos-
itive density and non-negative pressure is higher-derivative theories based on Riemannian
geometry [16–18]. These theories share the feature with NGT that gravity is not always
attractive, so that the focussing effect of geodesics typical of gravity theories based on Rie-
mannian geometry can be removed, thus allowing singularity-free solutions for gravitational
collapse. However, these theories generally have ghost poles, tachyons or second-order poles
in the linear approximation when they are expanded about Minkowski spacetime. Thus,
these theories lead to unstable solutions and negative energy modes.
Another alternative theory of gravitation has been proposed by Yilmaz [19]. This theory
contains an energy-momentum tensor density defined in terms of a scalar field φ, which
acts as a source for the gravitational field. The static spherically symmetric solution is
free of event horizons, but the singularity at r = 0 remains as an essential singularity in
the metric tensor. This is an undesirable feature of a gravitational theory, because the
absence of an event horizon in Yilmaz’s theory produces a naked singularity which destroys
the Cauchy solution and any predictable power of the theory. This feature is shared by
Einstein’s gravitational theory for solutions which do not have black hole event horizons
and by any theory which does not remove the essential singularity at r = 0. In NGT, there
is no singularity at r = 0 and the removal of the black hole event horizon does not destroy
the predictability of the theory.
In Section 2, we present a perturbatively consistent NGT based on non-Riemannian
geometry, while in Section 3 we give useful formulas connected with affine connections and
curvature tensors. We determine, in Section 4, the properties of the geodesic and path
equations of motion in NGT, and discuss the geodesic and path deviation equations. The
static spherically symmetric solution of the NGT field equations is treated in Section 5,
while Section 6 is devoted to the properties of geodesic and path congruences and the
consequences of the generalized Raychaudhuri equation. In Sections 7 and 8, regularity
theorems in cosmology and gravitational collapse are proved, and we present concluding
remarks in Section 9.
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II. NONSYMMETRIC GRAVITATIONAL THEORY
The non-Riemannian geometry is based on the nonsymmetric field structure with a
nonsymmetric gµν [20,21]
gµν = g(µν) + g[µν], (2.1)
where
g(µν) =
1
2
(gµν + gνµ), g[µν] =
1
2
(gµν − gνµ). (2.2)
Moreover, the affine connection is nonsymmetric:
Γλµν = Γ
λ
(µν) + Γ
λ
[µν]. (2.3)
The contravariant tensor gµν is defined in terms of the equation:
gµνgσν = g
νµgνσ = δ
µ
σ . (2.4)
The Lagrangian density is given by
LNGT = LR + LM , (2.5)
where
LR = gµνRµν(W )− 2Λ
√−g − 1
4
µ2gµνg[νµ] − 1
6
gµνWµWν , (2.6)
where Λ is the cosmological constant and µ2 is the square of a mass associated with g[µν].
Moreover, LM is the matter Lagrangian density (G = c = 1):
LM = −8pigµνTµν . (2.7)
Here, gµν =
√−ggµν and Rµν(W ) is the NGT contracted curvature tensor:
Rµν(W ) =W
β
µν,β −
1
2
(W βµβ,ν +W
β
νβ,µ)−W βανW αµβ +W βαβW αµν , (2.8)
defined in terms of the unconstrained nonsymmetric connection:
W λµν = Γ
λ
µν −
2
3
δλµWν , (2.9)
where
Wµ ≡W λ[µλ] =
1
2
(W λµλ −W λλµ). (2.10)
(2.9) leads to the result:
Γµ = Γ
λ
[µλ] = 0. (2.11)
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The NGT contracted curvature tensor can be written as
Rµν(W ) = Rµν(Γ) +
2
3
W[µ,ν], (2.12)
where Rµν(Γ) is defined by
Rµν(Γ) = Γ
β
µν,β −
1
2
(
Γβ(µβ),ν + Γ
β
(νβ),µ
)
− ΓβανΓαµβ + Γβ(αβ)Γαµν . (2.13)
The field equations in the presence of matter sources are given by:
Gµν(W ) + Λgµν +
1
4
µ2Cµν − 1
6
(Pµν − 1
2
gµνP ) = 8piTµν , (2.14)
g[µν],ν = −
1
2
g(µβ)Wβ , (2.15)
gµν,σ + g
ρνW µρσ + g
µρW νσρ − gµνW ρσρ + 23δνσgµρW β[ρβ]
+ 1
6
(g(µβ)Wβδ
ν
σ − g(νβ)Wβδµσ) = 0. (2.16)
Here, we have
Gµν = Rµν − 1
2
gµνR, (2.17)
Cµν = g[µν] +
1
2
gµνg
[σρ]g[ρσ] + g
[σρ]gµσgρν , (2.18)
Pµν =WµWν , (2.19)
and P = gµνPµν = g
(µν)WµWν .
With the help of (2.9) and the relation obtained from (2.15):
Wµ = − 2√−g sµρg
[ρσ]
,σ, (2.20)
where sµρ is defined by
sµρg
(ρν) = sµρs
ρν = δνµ, (2.21)
we can recast (2.16) in the form:
gµν,σ − gρνΓρµσ − gµρΓρσν = Y ρΛµνσρ, (2.22)
where
Y ρ =
1
3
√−gg
[ρσ]
,σ, (2.23)
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and
Λµνσρ = gµρgσν − gµσgρν − gµνg[σρ]. (2.24)
The field equations (2.14) can be written:
Sµν ≡ Rµν(Γ)− 43√−g (s[µρg[ρσ],σ),ν] + Λgµν
+ 1
4
µ2(Cµν − 12gµνC)− 16Pµν = 8pi(Tµν − 12gµνT ), (2.25)
where C = gµνCµν and we now have
Pµν = −4
g
sµρsντg
[ρσ]
,σg
[τα]
,α. (2.26)
The generalized Bianchi identities:
[gανGρν(Γ) + g
ναGνρ(Γ)],α + g
µν
,ρGµν = 0, (2.27)
give rise to the matter response equations:
gµρT
µν
,ν + gρµT
νµ
,ν + (gµρ,ν + gρν,µ − gµν,ρ)Tµν = 0. (2.28)
The Christoffel symbols, in NGT, are defined by
{
λ
µν
}
=
1
2
sλρ (sµρ,ν + sρν,µ − sµν,ρ) . (2.29)
III. AFFINE CONNECTIONS AND CURVATURE TENSORS
We shall adopt the covariant derivative notation:
Dµv
λ = vλ,µ + v
ρΓλρµ, Dµvλ = vλ,µ − vρΓρλµ, (3.1)
and
∇µvλ = vλ,µ + vρ
{
λ
ρµ
}
, ∇µvλ = vλ,µ − vρ
{
ρ
λµ
}
, (3.2)
where vµ is an arbitrary real vector.
(2.22) is equivalent to the set of equations:
Dσgµν = 2Γ
ρ
[σν]gµρ + Lµνσ, (3.3)
where
Lµνσ = Y
ρΛµνσρ. (3.4)
The system of equations (3.3) admits a solution of the form [22]:
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Γλµν =
{
λ
µν
}
+Kλ(µν) + Γ
λ
[µν], (3.5)
where
Kλ(µν) = s
λαΓβ[α(ν]aβµ) + Ω
λ
(µν), (3.6)
Ωλ(µν) =
1
2
sλα(L(αν)µ + L(αµ)ν − L(µν)α), (3.7)
and we have used the notation aµν = g[µν].
The following identities contain the curvature tensor:
2D[νDρ]v
λ = −Rλµνρ(Γ)vµ + 2Γα[νρ]Dαvλ, (3.8)
2D[νDρ]vµ = R
λ
µνρ(Γ)vλ + 2Γ
α
[νρ]Dαvµ, (3.9)
where
Rλµνρ(Γ) = Γ
λ
µν,ρ − Γλµρ,ν − ΓλανΓαµρ + ΓλαρΓαµν . (3.10)
The curvature tensor satisfies the identities:
Rλρµν(Γ) = R
λ
ρ[µν](Γ), (3.11)
Rλ[µνρ](Γ) = 4Γ
α
[[νρ]Γ
λ
[µ]α] + 2D[νΓ
λ
[ρµ]], (3.12)
D[σR
λ|µ|νρ](Γ) = −2Γα[[σν]Rλ|µ|ρ]α(Γ). (3.13)
Let us define the two contracted curvature tensors:
Wµν = R
β
µνβ(Γ), Vνρ = R
β
βνρ(Γ), (3.14)
where
Wµν = Γ
β
µν,β − Γβµβ,ν − ΓβανΓαµβ + ΓβαβΓαµν , (3.15)
and
Vνρ = Γ
β
βν,ρ − Γββρ,ν . (3.16)
Then, from (2.11) and (2.13), we have
Rµν(Γ) =Wµν +
1
2
(Γβ(µβ),ν − Γβ(νβ),µ), (3.17)
and
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Vνρ = Γ
β
(βν),ρ − Γβ(βρ),ν . (3.18)
The Riemann-Christoffel curvature tensor Bλµνρ is defined by
Bλµνρ =
{
λ
µν
}
,ρ
−
{
λ
µρ
}
,ν
−
{
λ
αν
}{
α
µρ
}
+
{
λ
αρ
}{
α
µν
}
. (3.19)
By performing the contraction, Bβµνβ = Bµν , we get
Bµν =
{
α
µν
}
,α
−
{
α
µα
}
,ν
−
{
β
αν
}{
α
µβ
}
+
{
β
αβ
}{
α
µν
}
. (3.20)
The identities (3.11,3.12,3.13) reduce for the tensor Bλµνρ to:
Bλρµν = B
λ
ρ[µν], (3.21)
Bλ[ρµν] = 0, (3.22)
∇[σBλ|µ|νρ] = 0. (3.23)
The latter is the well-known Bianchi identity of Riemannian geometry.
Let us put
Xλµν = K
λ
(µν) + Γ
λ
[µν]. (3.24)
Then, we have from (3.5) and (3.10):
Γλµν =
{
λ
µν
}
+Xλµν , (3.25)
and
Rλµνρ(Γ) = B
λ
µνρ +X
λ
µν,ρ −Xλµρ,ν −XλαµXανρ +XλαρXαµν
−
{
λ
αν
}
Xαµρ −
{
α
µρ
}
Xλαν +
{
λ
αρ
}
Xαµν +
{
α
µν
}
Xλαρ. (3.26)
By contracting on λ and ρ, we obtain from (2.13) and (3.26):
Rµν(Γ) = Bµν +X
α
µν,α −
1
2
(Xα(µα),ν +X
α
(να),µ)−XβανXαµβ +Xβ(αβ)Xαµν
−
{
β
αν
}
Xαµβ −
{
α
µβ
}
Xβαν +
{
β
αβ
}
Xαµν +
{
α
µν
}
Xβ(αβ). (3.27)
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IV. GEODESICS, PATHS AND PATH DEVIATION
The line element is defined by
dτ 2 = gµνdx
µdxν . (4.1)
Let us adopt the normalization condition:
gµνu
µuν = 1, (4.2)
where uµ = dxµ/dτ and τ is the proper time along the world line of a particle.
A path is a curve in the spacetime, (M, gµν), whose tangent u
µ is parallel transported
along itself:
uσDσu
µ =
duµ
dτ
+ Γµαβu
αuβ = φ(τ)uµ. (4.3)
From (4.2), we have
1
2
Dσ(sµνu
µuν) =
1
2
Dσsµνu
µuν + sµνu
νDσu
µ = 0. (4.4)
Multipling (4.4) by uσ leads to the result:
uν
(
duµ
dτ
+ Γµαβu
αuβ
)
sµν = u
νΣν , (4.5)
where
Σν = −1
2
uσDσsµνu
µ. (4.6)
From (3.3) it follows that
Σν = −
(
Γρ[σ(ν]gµ)ρ +
1
2
L(µν)σ
)
uσuµ. (4.7)
When uνΣν = 0, we get φ(τ) = 0 and the path equation of motion for test particles:
duµ
dτ
+ Γµαβu
αuβ = 0. (4.8)
From the action:
I =
∫
dτ 2, (4.9)
where dτ 2 is given by (4.1), we can derive from Fermat’s principle the geodesic equation of
motion:
duµ
dτ
+
{
µ
αβ
}
uαuβ = 0, (4.10)
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which is equivalent to the equation:
uσ∇σuµ = 0. (4.11)
The equation uνΣν = 0 will not in general be satisfied in NGT. However, we are interested
in studying the path completeness of the NGT spacetime, so in the following we shall
adopt (4.8) as an equation of motion of particles that probe the regularity properties of the
spacetime geometry.
The geodesic equation of motion is not equivalent to the path equation, because in
general:
(
Γµαβ −
{
µ
αβ
})
uαuβ 6= 0, (4.12)
although gµνu
µuν is a constant of the motion for both curves.
Let us define the torsion by
T (A,B) = DAB −DBA− [A,B], (4.13)
which is equivalent to
T (A,B) = 2AµBνΓα[µν]eα, (4.14)
where Aµ and Bµ are two arbitrary real vectors and eα is a basis vector.
Consider a congruence of curves with tangent vectors V µ. The separation vector ηµ of
two nearby curves is a vector which connects them at equal values of their curve parameter
λ. The rate of change of ηµ along the congruence is zero:
[V, η] = (V α∂αη
β − ηα∂αV β)eβ = 0. (4.15)
The geodesic deviation equation is defined by
∇V∇V η = B(V, η)V +∇η(∇V V ), (4.16)
where
B(V, η)V = ∇V∇ηV −∇η∇V V −∇[V,η]V. (4.17)
The path deviation equation is defined by
DVDV η = R(V, η)V +DV [T (V, η)] +Dη(DV V ), (4.18)
where
R(V, η)V = DVDηV −DηDV V −D[V,η]V. (4.19)
In general the geodesic and path deviation equations are not equivalent in the spacetime
(M, gµν).
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V. STATIC SPHERICALLY SYMMETRIC SOLUTION
In the case of a static spherically symmetric field, the canonical form of gµν is given by:
gµν =


−α 0 0 w
0 −β f sin θ 0
0 −f sin θ −β sin2 θ 0
−w 0 0 γ

 , (5.1)
where α, β, γ and w are functions of r. The tensor gµν has the components:
gµν =


γ
w2−αγ 0 0
w
w2−αγ
0 − β
β2+f2
f csc θ
β2+f2
0
0 − f csc θ
β2+f2
−β csc2 θ
β2+f2
0
− w
w2−αγ 0 0 − αw2−αγ

 . (5.2)
For the theory in which there is no NGT magnetic monopole charge, we have w = 0 and
only the g[23] component of g[µν] survives. The line element for a spherically symmetric body
is given by
ds2 = γ(r)dt2 − α(r)dr2 − β(r)(dθ2 + sin2 θdφ2). (5.3)
We have
√−g = sin θ[αγ(β2 + f 2)]1/2. (5.4)
For the static spherically symmetric field with w = 0, it follows from (2.20) that Wµ = 0.
Let us assume the long-range approximation for which the µ2 contributions in the vacuum
field equations can be neglected and we assume that Λ = 0. We then obtain the static,
spherically symmetric Wyman solution [11,12]:
γ = exp(ν), (5.5)
α = m2(ν ′)2 exp(−ν)(1 + s2)(cosh(aν)− cos(bν))−2, (5.6)
f = [2m2 exp(−ν)(sinh(aν) sin(bν) + s(1− cosh(aν) cos(bν))](cosh(aν)− cos(bν))−2, (5.7)
where
a =
(√
1 + s2 + 1
2
)1/2
, b =
(√
1 + s2 − 1
2
)1/2
, (5.8)
prime denotes differentiation with respect to r, and ν is implicitly determined by the equa-
tion:
exp(ν)(cosh(aν)− cos(bν))2 r
2
2m2
= cosh(aν) cos(bν)− 1 + s sinh(aν) sin(bν). (5.9)
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Moreover, s is a dimensionless constant of integration.
We find for 2m/r ≪ 1 and 0 < sm2/r2 < 1 that the metric takes the Schwarzschild form:
γ ∼ α−1 ∼ 1− 2m
r
, (5.10)
and
f ∼ sm
2
3
. (5.11)
Near r = 0 we can develop expansions where r/m < 1 and 0 < |s| < 1. The leading terms
are [11,12]:
γ = γ0 +
γ0(1 +O(s2))
2|s|
(
r
m
)2
+O
((
r
m
)4)
, (5.12)
α =
4γ0(1 +O(s2))
s2
(
r
m
)2
+O
((
r
m
)4)
, (5.13)
f = m2
(
4− |s|pi
2
+ s|s|+O(s3)
)
+
|s|+ s2pi/8 +O(s3)
4
r2 +O(r4), (5.14)
γ0 = exp
(
−pi + 2s|s| +O(s)
)
. . . . (5.15)
These solutions clearly illustrate the non-analytic nature of the limit s→ 0 in the strong
gravitational field regime for r < 2m.
The singularity caused by the vanishing of α(r) at r = 0 is a coordinate singularity, which
can be removed by transforming to another coordinate frame of reference. The curvature
invariants do not, of course, contain any coordinate singularities. We can transform to a
coordinate frame in which the spacetime (M, gµν) is completely free of singularities [11,12]
The NGT curvature invariants such as the generalized Kretschmann scalar:
K = RλµνρRλµνρ (5.16)
are finite. However, the curvature invariants formed from the Riemann-Christoffel tensor
are singular at r = 0. For example, the Kretschmann scalar:
S = BλµνρBλµνρ, (5.17)
is singular like S ∼ m4/r8 near r = 0 [13]. The Christoffel symbol defined by (2.29) is
singular at r = 0, and shares the same analytic spacetime properties as the Christoffel symbol
in EGT. Thus, only the fully non-Riemannian geometry of NGT describes a nonsingular
spacetime.
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The static spherically symmetric solution is everywhere non-singular and there is no
event horizon at r = 2m. A black hole is replaced in the theory by a FCO which can be
stable for an arbitrarily large mass [11–13]. It has been shown by Cornish [23], that the static
spherically symmetric solution of the field equations for µ 6= 0 only satisfies the flat space
asymptotic conditions at r → ∞ if w = 0. This demonstrates that the Wyman solution
is the unique static spherically symmetric solution of the field equations and that only one
degree of freedom is permitted globally for this solution.
Because the Christoffel symbol
{
µ
αβ
}
is singular at r = 0 in the spacetime, (M, gµν),
it follows that the Wyman solution is not geodesically complete. On the other hand, the
connection Γλµν is non-singular everywhere in the spacetime, (M, gµν), including at r = 0,
so the path equation (4.8) can be complete for the Wyman solution. Because Y µ = 0 and
therefore uνΣν = 0 for the Wyman solution, it follows that the path equation (4.8) holds
for this solution.
VI. PATH CONGRUENCES
Let a smooth congruence of timelike paths be parameterized by proper time τ , so that
the vector field, V µ, of tangents is normalized to unit length:
V µVµ = sλµV
λV µ = 1. (6.1)
We define a tensor field Qµν by
Qµν = DνVµ. (6.2)
It is purely spatial in character:
QµνV
µ = QµνV
ν = 0. (6.3)
Let γ denote a smooth one-parameter subfamily of paths in the congruence, and let ηµ de-
scribe an infinitesimal displacement from one such path γ0 to a nearby path in the subfamily.
Then, we have
V νDνη
µ = ηνDνV
µ = Qµνη
ν . (6.4)
Let us define a “spatial” metric tensor hµν :
hµν = sµν − VµVν , (6.5)
which satisfies hµνV
µ = hµνV
ν = 0 and hµ
ν = sνσhµσ. Then, the expansion θ, shear σµν ,
and twist ωµν of the congruence are given, respectively, by
θ = Qµνhµν , (6.6)
σµν = Q(µν) − 1
3
θhµν , (6.7)
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ωµν = Q[µν]. (6.8)
We have
Qµν =
1
3
θhµν + σµν + ωµν , (6.9)
and σµνV
µ = ωµνV
ν = 0.
It can be shown from (3.8) that
V σDσQ
λ
ν = −QσνQλσ −Rλµσν(Γ)V µV σ + 2Γα[σν]QλαV σ, (6.10)
Contracting on the suffixes λ and ν, we get the generalized Raychaudhuri equation [24]:
dθ
dτ
= −1
3
θ2 − σ2 + ω2 − Rµν(Γ)V µV ν − 2Γα[µν]QµαV ν , (6.11)
where we have used WµνV
µV ν = Rµν(Γ)V
µV ν , which follows from (3.17). Moreover,
σ2 = hµαhνβσ
αβσµν , ω2 = hµαhνβω
αβωµν . (6.12)
Next we consider a congruence of null paths with tangent field Zµ. We associate the
metric hˆµν = hˆνµ with the space of null vectors Z
µ and we define the tensor field:
Qˆµν = DνZµ, (6.13)
which can be decomposed as:
Qˆµν =
1
2
θˆhˆµν + σˆµν + ωˆµν , (6.14)
where, as before, θˆ, σˆµν and ωˆµν denote the expansion, shear and twist, respectively, given
by
θˆ = Qˆµν hˆµν , (6.15)
σˆµν = Qˆ(µν) − 1
2
θˆhˆµν , (6.16)
ωˆµν = Qˆ[µν]. (6.17)
Then, for an affine parameter λ, the generalized Raychaudhuri equation takes the form:
dθˆ
dλ
= −1
2
θˆ2 − σˆ2 + ωˆ2 −Rµν(Γ)ZµZν − 2Γα[µν]QˆµαZν . (6.18)
In Einstein’s theory of gravity, we have
aµν = 0, Γ
λ
[µν] = 0, (6.19)
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and (3.3) becomes
∇σsµν = 0. (6.20)
Einstein’s gravitational field equations give:
BµνV
µV ν = 8pi(T(µν) − 1
2
sµνT )V
µV ν = 8pi(T(µν)V
µV ν − 1
2
T ). (6.21)
For physical matter we have
T(µν)V
µV ν ≥ 0, (6.22)
for all timelike vectors V µ, which is called the weak energy condition. Moreover,
T(µν)V
µV ν ≥ 1
2
T, (6.23)
for timelike V µ is the strong energy condition.
In the case of null geodesics, we obtain from Einstein’s field equations:
Bµν = 8piT(µν)Z
µZν , (6.24)
and we postulate that
T(µν)Z
µZν ≥ 0, (6.25)
which is a weaker requirement than for the timelike vectors V µ.
For Einstein’s theory, (6.11) and (6.18) become
dθ
dτ
= −1
3
θ2 − σ2 + ω2 − BµνV µV ν , (6.26)
dθˆ
dλ
= −1
2
θˆ2 − σˆ2 + ωˆ2 − BµνZµZν . (6.27)
From (6.22) and (6.25), it follows that the last terms of (6.26) and (6.27) are negative. The
terms σ2 and σˆ2, in (6.26) and (6.27), are nonpositive and if the congruence of geodesics
is hypersurface orthogonal, we have ωµν = ωˆµν = 0, so that the third terms in (6.26) and
(6.27) vanish. If we set z = θ−1 and z˙ = dz/dτ , then we get from (6.26):
z˙ ≥ 1
3
, (6.28)
or,
z(τ) ≥ z−10 +
1
3
τ, (6.29)
where z0 is the initial value of z. If θ0 is negative, corresponding to an initially converging
geodesic congruence, then (6.29) requires that z must pass through zero, which means that
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θ → −∞ within a proper time τ ≤ 3/|θ0|. Unboundedness of θ implies that the volume of
a tube of matter shrinks to zero and for normal matter, ρ → ∞ and p → ∞, generating a
singularity.
In NGT, the symmetric part of the field equations (2.25) is given by
S(µν)V
µV ν = 8pi(T(µν)V
µV ν − 1
2
T ). (6.30)
As in EGT, we assume for physical matter that (6.22) and (6.23) hold.
Let us write
X(τ) = Rµν(Γ)V
µV ν + σ2 + 2Γα[µν]Q
µ
αV
ν . (6.31)
For a hypersurface orthogonal congruence of paths, ωµν = 0, and (6.11) can be written as
z˙ −X(τ)z2 − 1
3
= 0, (6.32)
which has the form of a Riccati equation. We have
X(τ) =
z˙ − 1
3
z2
. (6.33)
If X(τ) is a smooth analytic function of τ , then z 6= 0 for all τ . We exclude the exceptional
case when z˙ → 1
3
as z2 for some τ = τ0.
We have proven the following Lemma:
Lemma 1 Let V µ be the tangent field of a hypersurface orthogonal timelike path congruence.
Suppose that X(τ) is a smooth analytic function of τ . Then, |θ| < ∞ along a path in that
congruence for any τ and the path can be extended indefinitely.
For a congruence of null paths with tangent field Zµ, we write
Xˆ(τ) = Rµν(Γ)Z
µZν + σˆ2 + 2Γα[µν]Qˆ
µ
αZ
ν , (6.34)
and we obtain from (6.18) for a hypersurface orthogonal congruence of paths:
Xˆ(τ) =
dz/dλ− 1
2
z2
. (6.35)
We can state the following Lemma:
Lemma 2 Let Zµ be the tangent field of a hypersurface orthogonal null path congruence. Let
us suppose that Xˆ(τ) is a smooth analytic function of τ . Then, for a path in the congruence,
|θ| <∞ along that path for any affine length λ, and the null path can be extended indefinitely.
A Jacobi field on a path γ with tangent V µ is a solution of the path deviation equation
(4.18). Points a, b ∈ γ are conjugate if there exists a field ηµ which vanishes at both a and b.
Conjugate points in spacetime signal the moment when a curve fails to be a local maximum
of proper time between two points and a null path fails to remain on the boundary of the
future of a point. In Riemannian geometry, they signal locally the moment when a curve
fails to take on its minimal length. We can now state the following [5,7]:
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Proposition 1 Let (M, gµν) be a strongly causal spacetime, and let a, b ∈M with b ∈ J+(b),
then the length function τ , defined on a Cauchy surface Σ(p), attains a finite value at
γ ∈ Σ(p) when γ is a path orthogonal to Σ with no point conjugate to σ between Σ and a.
The extrinsic curvature, Kµν , on a spacelike hypersurface Σ is defined by
Kµν = ∇µVν = Qµν . (6.36)
Kµν is purely spatial i.e., KµνV
µ = KµνV
ν = 0. The trace of Kµν is given by
K = Kµνhµν = θ, (6.37)
where θ is the expansion of the path congruence orthogonal to Σ.
VII. REGULARITY THEOREMS FOR COSMOLOGY
When a spacetime manifests timelike or null geodesic incompleteness, then this has the
immediate physical significance that there are freely falling observers whose histories did
not exist after, or before, a finite interval of proper time. Thus, timelike and null geodesic
completeness are minimum conditions for a singularity-free spacetime. A spacetime which
is null or timelike geodesically incomplete contains a singularity. The notion of geodesic
completeness can be extended to bundle-completeness (b-completeness) i.e., that a spacetime
(M, gµν) is b-complete if there is an endpoint for every C
1 curve of finite length as measured
by a generalized affine parameter. Thus, a spacetime is singularity-free if it is b-complete [25].
For non-Riemannian gravitational theories these statements can be extended to autoparallel
paths of the connection Γλµν .
Let us consider proving two theorems which establish the necessary conditions for the
existence of nonsingular solutions in NGT cosmology. We shall use the properties of the
non-Riemannian geometry of NGT, whose associated timelike and null paths reveal under
what conditions these paths can be complete.
We shall first assume that the universe is globally hyperbolic and that at one instant of
time it is expanding everywhere at a nonzero rate. Then the universe will have begun in a
nonsingular state a finite time ago if:
Theorem 1 Let (M, gµν) be a globally hyperbolic spacetime in which the strong energy con-
dition, S(µν)V
µV ν ≥ 0, holds and X(τ) is a smooth analytic function of τ for all timelike
V µ. Assume that there exists a smooth spacelike Cauchy surface Σ for which the trace of
the extrinsic curvature for the past directed normal path congruence satisfies K ≤ C < 0
everywhere (where C is a constant). Then all timelike paths from Σ are complete.
Proof. Let there exist a past timelike directed curve, γ, from Σ. Let a be a point on γ lying
beyond length 3/|C| from Σ. By Lemma 1 and Proposition 1, there exists a curve γ from a
to Σ, which also must have length greater than 3/|C|. Since |θ| <∞ at all points on γ, then
γ is a path with no conjugate point between Σ and a and therefore the path is complete. ✷
We can eliminate the assumption of global hyperbolicity in the same way that is done
in the proof of the Hawking-Penrose theorem [4], which establishes the initial singularity in
EGT cosmology, by assuming that Σ is compact (the universe is closed).
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Theorem 2 Suppose that S(µν)N
µNν ≥ 0, which follows from the strong energy condition
for timelike and null vectors Nµ. Let (M, gµν) be a strongly causal spacetime such that X(τ)
and Xˆ(τ) are smooth analytic functions of τ . Let there exist a compact, edgeless, achronal,
smooth spacelike hypersurface Γ such that the past directed normal path congruence from Γ
has K < 0 everywhere on Γ. Then all the past directed timelike and null paths can be extended
beyond the value 3/|C| (where C denotes the maximum value of K, so that K ≤ C < 0) and
therefore the paths are complete.
Proof. According to Lemmas 1 and 2 all timelike and null paths past directed from Γ will
have |θ| <∞ at all points on the paths, which means that there will be no conjugate points
on the paths beyond the value 3/|C|. Then these paths can be extended indefinitely. ✷
Let us define
Y (τ) = BµνV
µV ν + σ2, (7.1)
and
Yˆ (τ) = BµνZ
µZν + σˆ2, (7.2)
where Bµν is given by (3.20).
In Einstein’s gravitational theory, the Hawking-Penrose theorems establish that if the
positive energy condition, BµνN
µNν ≥ 0, holds for timelike and null vectors Nµ, then at
least one past directed timelike geodesic has no length greater than 3/|C|, and is therefore
inextendible. This means that z must vanish at some point on the geodesic and, therefore,
Y (τ) and Yˆ (τ) cannot be smooth analytic functions for all values of the proper time or affine
parameter. The physical interpretation of the positive energy condition is that gravity is
always attractive i.e., neighboring geodesics near any one point accelerate, on the average,
toward each other.
In NGT, we can prove that all paths are complete provided that for hypersurface normal
congruences, X(τ) and Xˆ(τ) are smooth analytic functions of τ . This is now possible because
the positive energy condition, S(µν)N
µNν ≥ 0, does not conflict with the analytic property
of X(τ) or Xˆ(τ). The functions X(τ) and Xˆ(τ) can be positive or negative in the spacetime
manifold without violating the positive energy condition. Thus, NGT belongs to a class of
non-Riemannian theories in which gravity is not always attractive, although physical matter
satisfies the required positive energy conditions. This is why singular curvature can be
avoided in gravitationally unstable situations. It is clear that any gravity theory based on
a purely Riemannian geometry (excluding R2 curvature terms in the Lagrangian density)
must have incomplete geodesics and that all cosmological solutions begin their expansion
in a singular state. Any external fields in such a theory of gravity will be incorporated in
the positive energy conditions and inevitably lead to the Hawking-Penrose theorems. An
example of this situation is provided by the de Sitter solution in EGT cosmology for the
equation of state: ρ = −p. The solution is nonsingular, but violates the positive energy
condition. On the other hand, NGT is based on a non-Riemannian geometry which allows
nonsingular solutions in cosmology to exist.
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VIII. REGULARITY THEOREM FOR STELLAR COLLAPSE
The solution of the NGT field equations outside a star is necessarily that part of the
asymptotically flat region of the Wyman solution for which r is greater than some value
R corresponding to the radius of the star. For a given pressure and density in the star a
solution will exist, which is joined, for r > R, onto the exterior solution. Since time-like
Killing vectors remain time-like for all r between r = 0 and r = ∞, the star can have
r < 2m. This is in contrast to the Schwarzschild solution in EGT, for which the star must
have r > 2m, because only in this case is there a time-like Killing vector. Let us now
suppose that the nuclear fuel of the star is exhausted, causing the star to contract under the
influence of its gravity. If the contraction cannot be halted by the pressure before r ≤ 2m,
due to the star having a mass greater than some critical mass mc, and if the collapse ends
in a final static spherically symmetric configuration, then the solution outside the star is
the nonsingular Wyman solution, and we can anticipate that the final collapsed star has no
event horizon and no singularity at r = 0.
In the non-singular spacetime, (M, gµν), the entire causal past of future null infinity,
J−(J +), is nonsingular, and includes the entire physical spacetime. Thus, there are no black
hole regions, RB, defined by RB = [M−J−(J +)] with an enclosing event horizon boundary:
H = J˙−(J +)∩M . Let there be some past-directed unit timelike vector V µ at a point p. A
compact, two-dimensional, smooth spacelike submanifold, T , for which the expansion, θ, of
both sets of ingoing and outgoing future directed null geodesics or paths orthogonal to T is
everywhere negative is called a trapped surface. In the Schwarzschild solution, all spheres
inside the black hole (r < 2m) are trapped surfaces. In the nonsingular Wyman solution,
there will not be any trapped surfaces T below r = 2m, since the θ associated with the
paths is everywhere non-negative. We can now state the following regularity theorem:
Theorem 3 The spacetime (M, gµν) can be path complete if:
1. Let (M, gµν) be a spacetime which satisfies the strong energy condition for matter:
S(µν)N
µNν ≥ 0 for all timelike and null vectors Nµ.
2. X(τ) and Xˆ(τ) are smooth analytic functions of τ for every non-spacelike vector Nµ.
3. There are no closed time-like curves.
4. There are no closed trapped surfaces T .
Proof. Let θ0 < 0 denote the maximum value of θ for a set of path congruences in (M, gµν).
Because there are no trapped surfaces in the spacetime all paths have affine length ≥ 3/|θ0|
(≥ 2/|θ0| for null paths). The smooth analytic behavior of X(τ) and Xˆ(τ) guarantees by
Lemmas 1 and 2 that z 6= 0 along the paths for τ ≥ 3/|θ0| (or 2/|θ0|) and by Proposition 1,
the paths will not have any conjugate points at which the paths terminate. Therefore, the
paths are null and timelike complete. ✷
In the nonsingular Wyman solution, X(τ) and Xˆ(τ) are smooth analytic functions of
τ for all timelike and null vectors Nµ. It follows that this solution satisfies the conditions
of Theorem 3. Gravity is not always attractive, for Rµν(Γ)N
µNν can change sign and
can be negative as the gravitational field increases its strength, so that neighboring paths
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will accelerate, on the average, away from each other. Even if the star is not spherically
symmetric, there will still not be any trapped surface provided the departures from spherical
symmetry are not too large. This will follow from the stability of the Cauchy development,
since trapped surfaces cannot form in any gravitational collapse whose initial conditions are
sufficiently close to initial conditions for spherical collapse. These results can be generalized
to a whole manifold, and the existence and uniqueness of developments for an initial set of
data can be derived. As in EGT, there exist constraint equations whose development and
uniqueness for an initial set of data can be proved rigorously. The analog of the stability proof
for small fluctuations of the spherically symmetric Schwarzschild solution [26] has not yet
been established for the nonsingular Wyman solution. However, since the theory has a stable
vacuum solution that follows from a consistent perturbative expansion scheme, we expect
that the NGT static spherically symmetric solution is stable against small fluctuations.
From the static Wyman solution, we find that Y (τ) is not an analytic smooth function
everywhere in the spacetime (M, gµν), so the Riemannian geometry associated with the
NGT spacetime does not satisfy the regularity theorems established in the foregoing, and
the geodesics in (M, gµν) are not complete.
IX. CONCLUSIONS
When the physical matter satisfies positive and non-negative pressure conditions and
gµν = sµν , the spacetime possesses a Riemannian geometry and if the theory is of Einstein
form i.e., the Lagrangian density contains no derivatives higher than the second order, then
the Hawking-Penrose theorems are valid and the spacetime must contain non-coordinate
singularities. Classical alternatives to this singular spacetime scenario are a gravity theory
based on non-Riemannian geometry and a theory based on Riemannian geometry and a
higher-derivative Lagrangian density. In particular, we have studied NGT and found that it
can satisfy the regularity theorems for cosmology and gravitational collapse proved above.
We have argued that any gravity theory with a set of initial data on a Cauchy surface
that has a global non-perturbative solution to the field equations, which can be mapped into
solutions near the Schwarzschild solution of EGT, shares the singularity at r = 0 and the
black hole event horizon of the Schwarzschild solution. For this reason, we must expect that
any modified gravity theory that removes all singularities and black hole event horizons is
non-perturbative and non-analytic in the new coupling constants for r < 2m.
The static spherically symmetric Wyman solution of the vacuum field equations is non-
singular in the long-range approximation and satisfies the conditions of the regularity the-
orems, namely, the spacetime is path complete and the curvature invariants are finite. The
solution is not analytic in the parameter s for r ≤ 2m, for in the limit s → 0 the solution
does not become the Schwarzschild solution with its event horizon and singularity at r = 0.
Since the solution does not have any event horizons there are no black holes. The black hole
is replaced by a final collapsed object that can be made stable by the repulsive NGT forces
for an arbitrarily large mass.
An observer, in EGT, falling through an event horizon of a large black hole does not
experience anything unusual about the event, whereas in NGT the observer would in general
detect a skew symmetric force at the event horizon, enabling him to determine the existence
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of such a horizon.
Because the FCO does not have an event horizon the information loss problem is resolved
at the classical level. The elimination of black holes is the simplest and possibly the least
radical solution of the information loss puzzle.
It has been argued that the black hole information loss problem could be resolved by
an, as yet, unknown quantum gravity theory [27]. However, if it is argued that quantum
gravity effects could remove the black hole event horizon, then we are forced into a possibly
unphysical paradox, namely, an observer falling through a large black hole event horizon
with weak curvature would see entirely different physics associated with the event horizon
than an observer at a large distance from the black hole. In order to overcome this paradox,
long-range non-local physics has to be postulated to exist, whereby an observer deep inside
a black hole can communicate to an outside observer the discrepancy detected between their
observations. As yet unproved claims have to be made that what otherwise appears to be
a weak curvature event horizon for a large black hole, which can be treated as a classical
domain of gravity, is a region of spacetime where quantum gravity effects associated with the
Planck mass describe the true physical situation. Moreover, all the information inside the
black hole must be encoded in the Hawking radiation by an unknown dynamical mechanism.
The NGT that we have studied has been proved to be perturbatively consistent for weak
gravitational fields [8,9] It is asymptotically stable at future null infinity where the linear
approximation is a stable solution of the field equations without ghost poles or tachyons.
Higher-derivative theories can satisfy the regularity theorems as applied to geodesics of the
Riemannian geometry. This class of theories can have repulsive gravity that retains the
positive energy conditions for physical matter [16–18]. There are no exact solutions of the
field equations in four dimensions analogous to the Wyman solution of NGT, so it is not
clear whether such theories can remove event horizons and black holes. However, higher-
derivative theories usually possess ghost poles, tachyons and higher-order poles of one kind
or another and this feature renders the theories perturbatively unphysical. Theories with R2
curvature terms in the Lagrangian exist, in which the metric tensor and the connection are
treated as independent variables [17,28]. Ghost poles and tachyons can be absent in these
theories and they could be free of singularities at r = 0, but it is unlikely that they are free
of black hole event horizons.
The main result of this study is that classical theories of gravity can be formulated that
do not have singularities and black holes. They satisfy the standard gravitational experi-
mental tests. Whereas it is feasible that a quantum gravity program can be carried through
successfully in the future, we have demonstrated that a classical modification of EGT, of
the kind proposed here, can solve the singularity problem and the paradoxes associated with
black holes. We then avoid having to seriously modify quantum mechanics or having to solve
the difficult task of quantizing gravity to resolve the black hole information loss problem.
The question remains to be answered: Does the non-singular, NGT non-Riemannian
geometry describe the true structure of spacetime, or is the geometry of spacetime described
by the Riemannian geometry associated with NGT, with incomplete geodesics and black
holes? As we have seen, either description exists as a possibility in NGT, and only future
experiments can decide the outcome of this fundamental question.
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